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1. BACKGROUND 
In a series of papers culminating in (61 Hallett and Hirsch have 
completely classified the finite groups that can be the full automorphism 
groups of infinite orsion-free abelian groups (see [ 1 Chapter XVI; 2-6; 71). 
They are certain subdirect products of cyclic groups of order 2,4, and 6, the 
quaternion group of order 8, the dicyclic group of order 12, and SL(2,3) 
which is of order 24. Note that the commutator subgroup of a group with 
finitely many automorphisms is finite (Scott [ 11, Sect. 15.1.131). Hence, a 
torsion-free group with finitely many automorphisms is abelian. It seems that 
it would be diffkult to extend the Hallett and Hirsch classification to a much 
larger class of groups than the torsion-free abelian groups. However, by 
restricting attention to certain classes of finite groups we may be able to 
determine which members of these classes can arise as the automorphism 
groups of infinite groups. For example, de Vries and de Miranda [ 131 have 
determined the groups of order 8 or less that are automorphism groups. In 
this paper we study classes of finite groups that are automorphism groups of 
infinite non-abelian groups. The study of these groups as automorphisms 
groups of infinite abelian groups will appear in a subsequent paper. We will 
prove the following: 
THEOREM 1.1. There is an infinite non-abelian group G with Aut G = A 
for: 
(i) A = S, if and only if n = 4, 
(ii) A = D,, the dihedral group of order 2n, if and onb if n = 6. 
There is no infinite non-abelian group G with Aut G = A for: 
(iii) A cyclic, 
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(iv) A a finite group such that A/Z(A) is simple, A’ = A, and Z(A) is 
cyclic (this is true, in particular, 17A is a finite non-abelian simple group), 
(v) A = A,, the alternating group, 
(vi) A = Q,, a generalized quaternion group. 
We will generally use the notation and homological results of [ 121. The 
following notation will be used consistently: 
[x, y] = x ~ ly- ‘xy, the commutator of x and y; 
G’, the commutator of subgroup of G; 
G,, = G/G’; 
C, the center of G; 
Q = G/C; 
ZH, the center of the group H. 
2. HOMOLOGICAL METHODS 
Suppose that A is the cohomology class of A F-+ G-H Q, an extension of 
the abelian group A by the group Q. Let a: A + A, be a Q-module 
homomorphism. Then a induces a homomorphism 
a* : H’(Q, A) -+ H’(Q, A J. 
If /3: Q, + Q is any homomorphism, then p induces a homomorphism 
P*: H’(Q,A)+H’(Q,,A). 
The following lemma is very useful for constructing automorphisms. 
LEMMA 2.1 (see Stammbach [ 12, Proposition II4.31). Let A >--) G-F+ Q 
and A, >--) G, --H Q, be extensions with abelian kernels, and suppose that A 
and A, are the respective cohomology classes. If p: Q -+ Q, is a 
homomorphism and a : A + A 1 is a Q-module homomorphism (where A, is a 
Q-module via the map p), then there is a homomorphism y: G -+ G, inducing 
a and p, that is, making the diagram: 
commute, if and only tfAa* = A,/?*. 
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COROLLARY 2.2. Let Q be a group and A be a Q-module such that 
2H’(Q, A) = 0. If G is an extension of A by Q realizing the Q-module 
structure of A, then there is an automorphism of G inverting A and inducing 
the identity on Q. 
Proof: In 2.1 we replace A,, G, , and Q, by A, G, and Q, respectively, 
and let a be the map x F+ -x, and choose /I to be the identity. Since 
2H’(Q, A) = 0, a induces the identity on H’(Q, A) as does p. The result now 
follows. 
Now consider a central extension C w G -+P Q, that is, an extension 
where C, or more precisely the image of C, lies in the center of G. The 
following result aids in the construction f outer automorphisms of such an 
extension. 
LEMMA 2.3. Suppose that C >--) G * Q is a central extension and that 
both H2Q and Qat, are elementary abelian 2-groups. Then there is an 
automorphism of G inverting each element of C and inducing the identity on 
Q. 
Proof: Since C is a trivial Q-module, the Universal Coefficients Theorem 
yields the split exact sequence 
Ext(Q,,, C) w H*(Q, C> - Hom(H, Q, C). 
Since Qab and H2Q are elementary abelian 2-groups, it follows that 
2H’(Q, C) = 0. We complete the proof by applying Corollary 2.2. 
Note that the automorphism obtained in this result is outer whenever C is 
not an elementary abelian 2-group. That this will be the case for the groups 
G studied here is a consequence of a theorem of Nagrebeckii [9], namely, in 
a group with finitely many automorphisms the elements of finite order form 
a finite subgroup. Hence, the torsion subgroup T of C is finite. Therefore, T 
is a direct factor of C and we may write C = F x T, where F is torsion-free. 
If G is infinite F is non-trivial nd the automorphism of Lemma 2.3 is outer. 
Similar easoning applied to A n C (for the groups appearing in this paper) 
will show that the automorphism of Corollary 2.2 is also outer. 
Throughout this paper we will use the above notation, that is, G will 
denote an infinite non-abelian group with finitely many automorphisms and 
C = F x T will denote the center of G, where T is finite and F is torsion-free. 
3. CYCLIC GROUPS AND CENTRAL CYCLIC-BY-SIMPLE GROUPS 
If G is a non-abelian group, then G/C N Inn G cannot be cyclic. Hence, 
Aut G can never be cyclic. This is (iii) of Theorem 1.1. 
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Suppose that Aut G = H, where H/Z(H) is simple, H’ = H, and Z(H) is 
cyclic. Since G/C N Inn G is a non-cyclic normal subgroup of H it follows 
that G/C NH. Since H is perfect it follows that G = G’C, but since 
C = F x T we have G = (G’T) x F. Therefore, G has an outer automorphism 
that inverts F and fixes G’T, which is a contradiction. This proves (iv) of 
Theorem 1.1. 
4. SYMMETRIC GROUPS 
Let S, denote the symmetric group on n letters. 
LEMMA 4.1. If G is an infinite non-abelian group and Aut G = S,, then 
n = 4. 
ProoJ Since S, is cyclic it cannot occur as an automorphism group of a 
non-abelian group. For n # 2,4, the group S, has the unique composition 
series 
1 <A,<S,. 
Suppose first that Inn G # Aut G. Since Inn G is a nontrivial normal 
subgroup of Aut G we have 
InnG=G/C-A,,. 
This means n # 3, for otherwise G/C would be cyclic. Thus n > 4 and G/C 
is perfect. As in Section 3, we have G = (G’7’) x F. Hence, G has an 
automorphism a fixing G’T and inverting the elements of F. Since inner 
automorphisms fix F elementwise, a commutes with Inn G = A,. Therefore, 
S, = A,, X C, which is impossible. 
Thus, we may suppose that Inn G = Aut G = S,. Since (S,),, and H,S, 
are elementary abelian 2-groups (see Huppert [8, Satz 25.12, p. 652]), 
Lemma 2.3 implies that G has an outer automorphism and this contradiction 
completes the proof. 
To complete this discussion of symmetric groups we must determine 
whether S, occurs as the automorphism group of an infinite non-abelian 
group. An affirmative answer is povided by Robinson [ 10, p. 471. 
5. DIHEDRAL GROUPS 
For n > 2 we let D, denote the dihedral group of order 2n generated by a 
and b subject to the relations 
an=b2= 1, b-lab = a-‘. (5.1) 
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Consider the group G = C, x D,, where C, is an infinite cyclic group. 
Since D, is centerless, C, is the center of G and thus characteristic. Since 
D, is the set of elements of G of finite order, it is also characteristic. By
restricting automorphisms of G to C, and D, we thus obtain the 
isomorphisms : 
AutG=AutC,xAutD,=C,xD,zD,. 
Our next result shows that D, is the only dihedral group arising as an 
automorphism group. 
PROPOSITION 5.1. If G is infinite and non-abelian and Aut G = D,, then 
n = 6. 
Proof. Suppose that G exists with Aut G = D,. Then Aut G is generated 
by some a and /I with the relations 
an=p*= 1, p-‘@ = a-‘. 
Since it is a non-cyclic normal subgroup of Aut G, Inn G must contain a’/l 
for some r. Since a-‘(a’/l)a = a’-‘/3, the group Inn G must contain either a/l 
or /I. Both of these invert a and are of order 2. So we may assume without 
loss of generality that Inn G contains /I. Then Inn G must also contain 
lo, a] = a-‘. Thus, either Inn G = Aut G, or Inn G is generated by a* and 4 
and is of index 2 in Aut G. 
Suppose first that Inn G = Aut G. Identifying G/C with Inn G, we note 
that the subgroup of Inn G generated by a lifts to an abelian subgroup A of 
G with G/A of order 2. Hence, 2H*(G/A, A) = 0. Corollary 2.2 implies the 
existence of an automorphism of G inverting A. This automorphism must be 
outer which is a contradiction. 
Therefore we may assume that Inn G is generated by a* and /3 and is of 
index 2. It follows that n is even, say, n = 2k, and that Inn G N D,. From 
Huppert [8, Satz 25.6, p. 6461 we have 
H,D, = C,, k even, 
H, D, = 0, k odd. 
(5.21 
Since (DJab is an elementary abelian 2-group it follows from Lemma 2.3 
that G an outer automorphism y inverting C and fixing G/C. Therefore, y 
commutes with Inn G. Hence, y lies in the center of Aut G and we must have 
y = ak since this is the only nontrivial element in the center of Aut G. 
Suppose k is even. Then y lies in the group generated by a*, and this group 
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lies in Inn G. Hence, k is odd. Now let Q = G/C 1: D, be generated by a and 
b subject to relations (5.1). Since k is odd we have an automorphism 6 of Q, 
ad = a2, 
bd=b, 
that acts trivially on Qab. From (5.2) and the Universal Coefficients 
Theorem we obtain a natural homomorphism 
WQ,, , C) = H’(Q, C). 
Since 6 acts trivially on Qab it induces the identity on H’(Q, C). Thus, 6 
extends to an automorphism of G, which we will also call 6, that fixes 
elements of C. 
If 6 is outer we have 6 = iy, where i is inner. Thus, y = i- ‘6 acts trivially 
on C. Therefore, 6 is inner and since it transforms a non-trivially must be 
induced by a’b for some r. Hence, 
a* = a8 = (a%-’ a(a”b) = a-‘, 
and a3 = 1. Thus, k = 3, n = 6, and the proof is complete. 
6. ALTERNATING GROUPS 
We let A, denote the alternating roup on n letters. Since A, is cyclic for 
n < 4 and simple for n > 4, Section 3 implies that A, is the only alternating 
group that could possibly be an automorphism groups of an infinite non- 
abelian group. We now show that this is impossible. 
LEMMA 6.1. The alternating roup A, is never the automorphism group 
of an infinite non-abelian group. 
Proof: Suppose to the contrary that Aut G ‘v A,,. Assume first that 
Aut G = Inn G. Then H2Q is cyclic of order 2 (see Huppert [8, Satz 25.1, p. 
642 and Satz 25.11, p. 6521). Thus, 
H’(Q, C) N Ext(Q,,, C) 0 Hom(H,Q, C) = C/3C 0 C[2], 
where C[2] consists of those elements of order C of order 1 or 2. 
We let a be the automorphism inverting elements of C. Let p be an 
automorphism of A, induced by an involution in S, -A.,. Both a and p 
induce --I on Ext(Q,*, C) and both induce the identity on Hom(H,Q, C). 
Hence, a.+ = p* and there is an automorphism of G inducing a and /I. This 
automorphism is outer. Hence, Aut G # Inn G. 
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Thus, we may assume that Inn G = V= C, x C,, since this is the only 
non-cyclic proper normal subgroup of A,. Therefore, there is a normal 
abelian subgroup A of G such that G/A is of order 2. Hence, 
2H*(G/A,A) = 0 and G has an outer automorphism of order 2. But outer 
automorphisms of G have order divisible by 3. This contradiction completes 
the proof. 
7. GENERALIZED QUATERNION GROUPS 
For n > 2, we let Q, denote the generalized quaternion group of order 2”, 
which may be generated by u and b subject to the relations 
a2”-’ = 1, b* = a*“-2, b-lab = a-‘. (7.1) 
LEMMA 7.1. The generalized quaternion group is never the 
automorphism group of an infinite non-abelian group. 
Proof: Suppose Aut G = Q,. Then Inn G is a non-cyclic normal 
subgroup of Q,, hence Inn G N Q, for some m. This contradicts a theorem 
of G. A. Miller (see [ 11; Sects. 3.2.10 and 9.7.51) and completes the proof. 
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